By means of Abel's method on summation by parts, some two term recurrence relations on very wellpoised 6 ψ 6 -series are established. Their iteration yields a 6 ψ 6 -series transformation with an extra natural number parameter. Evaluating the limiting series via Jacobi's triple product identity, we are led surprisingly to the celebrated bilateral 6 ψ 6 -series identity discovered by Bailey (1936) . Then we shall further generalize it to a very well-poised 10 ψ 10 -series identity, which contains Shukla's formula (1959) as special case. Finally, the Abel's method on summation by parts will be employed again to investigate the bibasic hypergeometric series summation, which may be considered as an extension of a "split-poised" transformation on terminating 10 φ 9 -series due to Gasper (1989).
Then Abel's lemma on summation by parts may be reformulated as (1.2) provided that the series on both sides are convergent or terminating.
Proof. According to the definition of the backward difference, we have
Replacing k by 1 + k for the last sum, we get the following expression:
which is the formula stated in the Abel lemma. 2
Bailey's very well-poised 6 ψ 6 -series identity
For two complex indeterminates q and x, the shifted factorial of order n with base q is defined by (x; q) n = (1 − x) (1 − xq) · · · 1 − xq n−1 (2.1a) = (x; q) ∞ /(xq n ; q) ∞ , (2.1b) where n is assumed, respectively, to be a natural number for the former and integral for the latter but with the additional condition |q| < 1 in order for the infinite products to be convergent. It is easy to check that the shifted factorial with negative integer order is given by (x; q) −n = (−1) n q ( 1+n 2 ) x −n (q/x; q) n .
(2.
2)
The product and fractional forms of shifted factorials are abbreviated compactly to (α, β, . . . , γ ; q) n = (α; q) n (β; q) n · · · (γ ; q) n , (2.3a) α, β, . . . , γ A, B, . . . , C q n = (α; q) n (β; q) n · · · (γ ; q) n (A; q) n (B; q) n · · · (C; q) n .
(2.3b)
The unilateral and bilateral basic hypergeometric series are respectively defined by 1+r φ s a 0 , a 1 , . . . , a r b 1 , . . . , b s q; z = +∞ n=0 (−1) n q ( n 2 ) s−r a 0 , a 1 , . . . , a r q, b 1 , . . . , b s q n z n , (2.4a) r ψ s a 1 , a 2 , . . . , a r b 1 , b 2 , . . . , b s q; z = +∞ n=−∞ (−1) n q ( n 2 ) s−r a 1 , a 2 , . . . , a r b 1 , b 2 , . . . , b s q n z n (2.4b) where the base q will be restricted to |q| < 1 for non-terminating q-series. Among the classical hierarchy of basic hypergeometric identities, the most important one perhaps is Bailey's very well-poised bilateral 6 ψ 6 -series identity. Theorem 1. (Bailey [4] , see also [10, .) For complex parameters a, b, c, d, e satisfying the condition |qa 2 /bcde| < 1, there holds the very well-poised non-terminating series identity: For the identity displayed in Theorem 1, there have been eight proofs up to now.
• Bailey [4] discovered this formula via the three term relation (cf. [10, ) between nonterminating very well-poised 8 φ 7 -series. • Slater [12] reproved it through q-analog of the Barnes type integral.
• Lakin [12] verified it by combining q-difference equations with Carlson's theorem on entire functions. • Andrews [1] gave a proof by utilizing q-difference equations together with Laurent series expansion. • Askey and Ismail [3] confirmed it by applying Liouville's analytic continuation argument to the non-terminating very well-poised 6 φ 5 -series (Askey-Ismail thought, see also Gasper [7] ). • Askey [2] deduced it from an integral and functional equation, who commented that: "It is annoying that a sum that is this important has not been obtained from a more elementary special case." • Schlosser [14] rederived it by means of the very well-poised 6 φ 5 -series identity and series rearrangement. • Recently, Jouhet and Schlosser [13] proved it by employing the Cauchy method to Bailey's transformation on terminating very well-poised 10 φ 9 -series.
Most of these proofs are dependent on the very well-poised 6 φ 5 -series identity just displayed or its superiors, which are far from simple. Therefore they cannot be really considered as direct and elementary as demanded by Askey. In this paper, we apply Abel's method on summation by parts to derive a recurrence relation for 6 ψ 6 -series with two parameters being shifted by q. Then by iterating this recursion, we establish the transformation on 6 ψ 6 -series with an extra natural number parameter m. Finally, letting m → ∞ and evaluating the result through Jacobi's triple product identity, we establish Bailey's 6 ψ 6 -series identity. The whole process involves only series iteration with the convergence condition being maintained. Now that there is a very elementary proof based on the q-binomial theorem due to Cauchy (1843) and Gauss (1866) for the Jacobi triple product identity, we can say that the proof presented in this paper is indeed elementary.
This will be presented in the next section. Then in the fourth section, we shall further generalize (2.5a), (2.5b) to a very well-poised 10 ψ 10 -series identity, which contains Shukla's formula [11] as special case. The Abel's method on summation by parts will be employed again in the fifth and the last section to investigate the bibasic hypergeometric series summation, which generalizes a "split-poised" transformation on terminating 10 φ 9 -series due to Gasper [6] .
New proof of Bailey's 6 ψ 6 -series identity
In order to shorten lengthy expressions, we introduce the following notation for the very wellpoised 6 ψ 6 -series
where the condition |qa 2 /bcde| < 1 is assumed for convergence. Applying Abel's method on summation by parts to Ω-series, we will derive four recurrence relations. Their iteration leads us to a transformation on Ω-series with an extra natural number parameter m. Then Bailey's very well-poised 6 ψ 6 -series identity stated in Theorem 1 will be recovered by the limiting case m → ∞ of this last transformation thanks to the Jacobi triple product identity.
Recurrence relations on 6 ψ 6 -series
Define two factorial fractions by
Then it is trivial to compute their finite differences:
Under convergent condition |qa 2 /bcde| < 1, we write down explicitly Ω-series as an infinite sum:
According to Abel's lemma on summation by parts, the last infinite series can be manipulated as follows:
In terms of basic hypergeometric series, this can be restated as
Therefore, we have established the following recurrence relation:
which has shifted two parameters a and e by q in Ω-series.
In order to evaluate Ω-series, we state further three variants of (3.4) by the symmetry of
Firstly, applying (3.4) to Ω(qa; b, c, d, qe) with two parameters a and d being shifted, we get the transformation
Secondly, applying (3.4) to Ω(q 2 a; b, c, qd, qe) with two parameters a and c being shifted, we get the transformation
Thirdly, applying (3.4) to Ω(q 3 a; b, qc, qd, qe) with two parameters a and b being shifted, we get the transformation Ω q 3 a; b, qc, qd, qe = Ω q 4 a; qb, qc, qd, qe
Now multiplying four equations (3.4)-(3.7) and then simplifying the result, we establish the following transformation: We remark that all the bilateral series involved up to now are convergent under condition |qa 2 /bcde| < 1. Therefore both Abel's lemmas on summation by parts and the iterating process maintain the series convergence.
Confirmation of Bailey's 6 ψ 6 -series identity
When m → ∞, the factorial fraction displayed in (3.10b) becomes almost (2.5b) except for three factorials of infinite order, which correspond to the triple product of Jacobi.
Letting m → ∞ in (3.10) and then appealing the Weierstrass M-test on uniformly convergent series (cf. Stromberg [15, p. 141 ]), we can simplify the limit of Ω-series 
where the last line is justified by the parity of summation index.
Recalling the Jacobi triple product identity (cf. [10, II-28]):
we establish the following limiting relation
Substituting this expression into (3.10), we obtain the product form of Ω-series: which is exactly the q-factorial fraction of infinite order stated in (2.5b). This completes our proof of Bailey's very well-poised bilateral 6 ψ 6 -series identity displayed in Theorem 1.
We remark that the Jacobi triple product identity (3.11) can also be considered as limiting case b, c, d, e → ∞ of Bailey's 6 ψ 6 -summation formula in view of what we have done for (3.10b).
The Jacobi triple product identity
Our proof relies on Jacobi's triple product identity, which has at least a dozen proofs up to now. The simplest one is due to Cauchy (1843) and Gauss (1866). To make the paper self-contained, we reproduce this proof as follows.
Recall the q-binomial theorem (cf. 
where |q| < 1 we recover the famous Jacobi triple product identity (3.11).
Very well-poised bilateral 10 ψ 10 -series identity
With the λ-function being defined by
we have the following linear combinations
They enable us to express the bilateral 10 ψ 10 -series in terms of 6 ψ 6 -series as follows: 
For each k with 0 k 4, let σ k be the kth elementary symmetric function in {b, c, d, e}. Then the expression in the braces just displayed can be written in the following symmetric form:
Substituting this expression into (4.2a)-(4.2c) and then simplifying the result, we obtain the following very well-poised bilateral series identity. 
Let u → ∞ in Theorem 2, we derive, after some trivial modification, the following important formula.
Corollary 3 (Shukla [11] : Very well-poised bilateral 8 ψ 8 -series identity). For complex numbers {a, b, c, d, e} satisfying |a 2 /bcde| < 1, there holds the identity: 
(4.4b)
The method of this section can further be extended to deal with the following transformation between very well-poised 8 ψ 8 -series and balanced 4 φ 3 -series: This is again a convergent series for |p| < 1 and |q| < 1. Therefore the first bilateral series with respect to n is convergent. Similarly, one can check the convergence for the second bilateral series with respect to k. 2
In particular, letting e = a, we derive the following transformation between bibasic unilateral series.
Proposition 5 (Bibasic series transformation). For the indeterminates p and q with 0 < |p| < 1 and with 0 < |q| < 1, there holds transformation
provided that a = bcd and A 2 = BCDE, which imply that the first series is 2-balanced with respect to p and the second with respect to q.
Performing parameter replacements in the last transformation
and then reversing the finite series on the right-hand side by k → m − k, we get the following symmetric transformation. When p = q, the last relation reduces to the "split-poised" transformation. 
